Abstract. We present an infinitesimal interpretation of the control theory, particularly of the part concerning dynamic systems. We use the original concept of a bundle connection, which lies in the idea of fibre transportation along a path on the base manifold. The control of a process leads also to the transportation of fibres, and the control strategy, i.e. the choice of a suitable system control in order to optimize the process corresponds to the choice of a path on the base manifold. The triple of crucial terms of control, aim-control-strategy, translates in the terms of connections as fibre-connection-curve. Such a scheme is quite convincing, but it also works well in dynamic systems analysis.
INTRODUCTION
When controlling a system, we not only apply one control model but also try to find a more suitable control model among the possible ones, i.e. we search the control strategy. We distinguish the following stages: controlled process -control correction -strategy choice.
Let us describe the mathematical setting. Let X,Y , and Z be three vector fields and let us denote by a t = exptX, b σ = exp σY, c τ = exp τZ the appropriate flows. If we understand the flow as a motion, the vector field can be seen as stopping the motion at the precise moment (stop-scene). Shortly, a vector field is an infinitesimal representation of the flow.
The flow c τ of the vector field Z represents the controlled process (it is also possible to replace it by a transport of an arbitrary tensor field along the flow c τ ). Furthermore, the flow b σ acts on the vector field Z flow c τ as follows; see [1, 3] : 
The vector field Y plays the role of the one controlled by the vector field X and the role of the controlling field over Z.
The main goal of the paper is to describe the transformation of the parameters when the process Z is changed according to the strategy appropriate to the vector field X under the action of the vector field Y .
VECTOR FIELDS
Let M be a smooth manifold. The derivatives of a function f : M → R along the vector fields X, Y , and Z are defined by
The vector field Y is transported along the flow of X, which can be understood as an infinitesimal interpretation of such transportation (stop-scene) -the bracket of vector fields, i.e. Lie derivative 
Next, the transport of an arbitrary smooth tensor field along a vector field flow is defined by the LieMaclaurin series. For example, the transport of a vector field Z along the flow b σ is defined by
where the coefficients
. . , are Lie derivatives of Z with respect to Y . In our situation, the vector field X plays three roles: 1. The vector field X itself causes the process as a motion in its flow a t . ] . Note that the above equality can be obtained from the Jacobi identity:
The operator L
Note that the process can be influenced only by some outer process, not by it itself. Indeed, if we admit that the operator L X acts on the control by the process X, we obtain:
We assign the following operators to the vector fields X ,Y , and Z: 
CONTROL AND CONNECTION
We will follow the notations appropriate to the theory of connections on fibred manifolds; see, e.g., [1, 4] . Let us consider a vector bundle π : M 1 → M with n-dimensional base manifold M and r-dimensional fibres. The standard fibre is isomorphic to R r . On a neighbourhood U ⊂ M 1 we have local coordinates (u i , u α ), where (u i ) denotes the base coordinates and (u α ) the fibre coordinates. Precisely, u i =ū i • π, wherē u i denotes the local coordinates on the neighbourhood π(U) ⊂ M. The coordinates (u α ) are the coordinates of R r . Latin indices i, j, . . . range from 1 to n, Greek indices α, β , . . . range from n + 1 to n + r.
We define two vector fields:
Here z α are the functions depending on the fibre coordinates u α only, while y α are the functions of all coordinates (u i , u α ). The flow b σ = exp σY is defined on the neighbourhood U by a system of ODEs
Indeed, now we can see the connection between dynamic systems, see [2] , and the controlling parameters (u i ). As mentioned above, these parameters are lifted from the base π(U) ⊂ M to the neighbourhood
On every fibre, the vector field Y induces a family of trajectories -phase portrait. When the fibre is changed, the vector field Y changes too and so does the phase portrait, i.e. the control {Y Z}. A question arises: how do the parameters (u i ) affect the controlling process?
Let us consider the coordinate map
where s is a canonical parameter, i.e. L Y s = 0, and I κ is a system of r − 1 independent invariants of the vector field Y . The coordinates (u i , I κ ) form a complete system of local invariants of Y on the manifold M 1 . Now we can define the submersion of the manifold M 1 onto the fibre R r ,
A fibre of the submersion ϕ has the dimension n and forms the family of the integral surfaces which define a horizontal distribution h . Thus on the fibration π, a zero torsion connection structure h ⊕ v is defined. Let us consider the adapted basis
where the vector fields
vanish on the distribution ∆ h . The number of parameters Γ α i equals nr and they define the distribution ∆ h uniquely. On the other hand, the parameters Γ α i are determined by setting the functions ϕ α equal to a constant on the fibres of the submersion ϕ, more precisely by their differentials:
, where the coefficients of dϕ α are the partial derivatives of ϕ α . The matrix (ϕ α β ) is the integrating matrix with respect to the forms ω α and its inverse is (φ β α ). Proof. A family of the fibres corresponding to the submersion ϕ is defined by the solution of the system of differential equations (u α ) σ = ϕ α (σ , u i , u β ); see system (1). Furthermore, an arbitrary section of the fibration π can be extended into the system of imprimitivity appropriate to the flow b s , i.e. the family of the fibres corresponding to the submersion ϕ. The vector field Y is ϕ-projected on the fibre R r . An integrable distribution ∆ h = KerT ϕ in the fibration π defines a zero curvature connection and thus on the neighbourhood U the basis and the co-basis of the distribution ∆ h is defined as follows:
Let us recall that an arbitrary vector fieldX on the base manifold M can be lifted from M to the horizontal distribution ∆ h :X =x Remark 2. The components y α of the vector field Y depend linearly and homogeneously on the fibre coordinates. Thus the defining system is described by the system of linear differential equations
APPLICATION
On the bundle 1 π :
with the fibre coordinates (x, y) and the controlling parameter (or base coordinate) (u) we have the vector field
We define its flow b s = exp sY , the canonical parameter s, and the invariant I of Y as follows:
We check that L Y s = 1, L Y I = 0. The trajectories on the fibres are parabolas depending on the parameter u.
The submersion ϕ : R 3 → R : (u, x, y) (s, I) projects the space R 3 onto the plane sI. The tangent mapping T ϕ is defined by the following differentials and by the Jacobi matrix:
The vector field Y with the components (0, 1, ux) is projected to the plane sI in which it forms the operator T ϕY = ∂ s (see Fig. 1 ). Thus on the bundle π a horizontal distribution
is defined. The co-basis on h is of the form
and the connection coefficients are
The adapted basis of the distribution h is characterized by the following:
The operator X 1 commutes with the vector field Y , i.e. [X 1 ,Y ] = 0, and vanishes under the projection T ϕ, i.e. T ϕX 1 = 0. The co-basis admits an integrating matrix as follows:
The direct impact of the parameter (u) on the operator Y is eliminated. Indeed, because the projection ϕ targets on the fibre xy, it is possible to change the coordinates under the condition u = const from (x, y) to (s, I),
Using the Jacobi matrix (the right-hand side), we can change the basis to the new natural one and we obtain the following frames and co-frames:
Let us focus on the fibre. Note that the action of the vertical vector field Z can be understood as an action on a tensor field. Concerning the action of the operator Y on the vector field Z in the form
with the components (µ, ν), we can see that in new coordinates it reduces to the action of the operator ∂ s on the vector fieldZ depending on the parameter u only:
Note that Z andZ are the same vector field, only expressed in the coordinates (x, y) and (s, I), respectively. The operators T ϕY and ∂ s are the same operators expressed in different coordinate systems. Thus we change the control:
Remark 3. As an example, let us consider the operator of rotation
In coordinates (s, I), it can be written in the formZ = −I∂ s + s∂ I + u(...), i.e. in such a form that some new operator with coefficient u is added. Such a property holds for an arbitrary linear dynamic system.
The control {Y Z } is described in the coordinates (x, y), while the control {∂ s Z } is expressed in the coordinates (s, I). The parameter u affects the controlled fieldZ directly.
CONCLUSION
The control of a dynamic system is viewed by means of differential geometry as the vector field Y on the bundle π : M 1 → M with the standard fibre R r and the base manifold M = R n . The submersion ϕ is defined in such a way that the vector field Y is projected to the fibre R r . The distribution h = KerT ϕ gives rise to the possibility of eliminating the dependence of the vector field Y on the controlling parameter u. The change of variables to (s, I), where s is the canonical parameter and I is the invariant of the field Y , changes the control (Y → Z) to the control {∂ s Z }, where the field ∂ s no longer depends on the parameter u while the controlled fieldZ does so.
